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0. Introduction 

In this paper we will prove the Calabi-Yau conjectures for embedded surfaces (i.e., surfaces 
without self-intersection). In fact, we will prove considerably more. The heart of our argu- 
ment is very general and should apply to a variety of situations, as will be more apparent 
once we describe the main steps of the proof later in the introduction. 

The Calabi-Yau conjectures about surfaces date back to the 1960s. Much work has been 
done on them over the past four decades. In particular, examples of Jorge-Xavier from 1980 
and Nadirashvili from 1996 showed that the immersed versions were false; we will show here 
that for embedded surfaces, i.e., injective immersions, they are in fact true. 

Their original form was given in 1965 in [Caj where E. Calabi made the following two 
conjectures about minimal surfaces (they were also promoted by S.S. Chern at the same 
time; see page 212 of |Chj ): 

Conjecture 0.1. "Prove that a complete minimal hypersurface in R n must be unbounded." 

Calabi continued: "It is known that there are no compact minimal submanifolds of R™ 
(or of any simply connected complete Riemannian manifold with sectional curvature < 0). 
A more ambitious conjecture is" : 

Conjecture 0.2. "A complete [non-flat] minimal hypersurface in R n has an unbounded 
projection in every (n — 2)-dimensional flat subspace." 

These conjectures were revisited in ST. Yau's 1982 problem list (see problem 91 in |Yalj ) 
by which time the Jorge-Xavier paper had appeared: 

Question 0.3. "Is there any complete minimal surface in R 3 which is a subset of the unit 
ball? 

This was asked by Calabi, [Caj . There is an example of a complete [non-flat] minimally 
immersed surface between two parallel planes due to L. Jorge and F. Xavier, | JXa2j . Calabi 
has also shown that such an example exists in R 4 . (One takes an algebraic curve in a compact 
complex surface covered by the ball and lifts it up.)" 

The immersed versions of these conjectures turned out to be false. As mentioned above, 
Jorge and Xavier, [JXa2j . constructed non-flat minimal immersions contained between two 
parallel planes in 1980, giving a counter-example to the immersed version of the more ambi- 
tious Conjecture I0.2( see also [RoTj . Another significant development came in 1996, when N. 
Nadirashvili, [Nalj . constructed a complete immersion of a minimal disk into the unit ball in 
R 3 , showing that Conjecture 10. II also failed for immersed surfaces; see [MaMolj . |LMaMoT] . 
[LMaMo2] . for other topological types than disks. 
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The conjectures were again revisited in Yau's 2000 millenium lecture (see page 360 in 
[Ya2j ) where Yau stated: 

Question 0.4. "It is known |Nal] that there are complete minimal surfaces properly im- 
mersed into the [open] ball. What is the geometry of these surfaces? Can they be embed- 
ded?..." 

As mentioned in the very beginning of the paper, we will in fact show considerably more 
than Calabi's conjectures. This is in part because the conjectures are closely related to 
properness. Recall that an immersed surface in an open subset Q of Euclidean space R 3 
(where Q is all of R 3 unless stated otherwise) is proper if the pre-image of any compact 
subset of Q is compact in the surface. A well-known question generalizing Calabi's first 
conjecture asks when is a complete embedded minimal surface proper? (See for instance 
question 4 in |MeP] . or the "Properness Conjecture", conjecture 5, in [Mej . or question 5 in 
[CH7].) 

Our main result is a chord arc bouncy for intrinsic balls that implies properness. Obviously, 
intrinsic distances are larger than extrinsic distances, so the significance of a chord arc bound 
is the reverse inequality, i.e., a bound on intrinsic distances from above by extrinsic distances. 
This is accomplished in the next theorem: 

Theorem 0.5. There exists a constant C > so that if £ C R 3 is an embedded minimal 
disk, B2R = £>2i?,(0) is an intrinsic bal@ in £ \<9£ of radius 2R, and if sup BrQ |v4| 2 > rg 2 where 
R > r , then for x G Br 

Cdist 2 (x,0) < \x\ +r . (0.6) 

The assumption of a lower bound for the supremum of the sum of the squares of the 
principal curvatures, i.e., sup Bro \A\ 2 > r$ 2 , in the theorem is a necessary normalization 
for a chord arc bound. This can easily be seen by rescaling and translating the helicoid. 
Equivalently this normalization can be expressed in terms of the curvature, since by the 
Gauss equation — ^\A\ 2 is equal to the curvature of the minimal surface. 

Properness of a complete embedded minimal disk is an immediate consequence of The- 
orem EES Namely, by (10.61) . as intrinsic distances go to infinity, so do extrinsic distances. 
Precisely, if £ is flat, and hence a plane, then obviously £ is proper and if it is non-flat, 
then sup BrQ \A\ 2 > r^ 2 for some r > and hence £ is proper by (10.61) . In sum, we get the 
following corollary: 

Corollary 0.7. A complete embedded minimal disk in R 3 must be proper. 

Corollary 10.71 in turn implies that the first of Calabi's conjectures is true for embedded 
minimal disks. In particular, Nadirashvili's examples cannot be embedded. We also get from 
it an answer to Yau's questions (Question 10.31 and Question 10.41) . 

Another immediate consequence of Theorem 10.51 together with the one-sided curvature 
estimate of |CM6] (i.e., theorem 0.2 in |CM6] ) is the following version of that estimate for 
intrinsic balls; see question 3 in |CM7] where this was conjectured: 

1 A chord arc bound is a bound from above and below for the ratio of intrinsic to extrinsic distances, 
intrinsic balls will be denoted with script capital "b" like B r (x) whereas extrinsic balls will be denoted 
by an ordinary capital "b" like B r (x). 
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Corollary 0.8. There exists e > 0, so that if 



Sc{i 3 >0}c R 
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(0.9) 



is an embedded minimal disk with intrinsic ball £>2i?(x) CS \ <9£ and |x| < eR, then 



As a corollary of this intrinsic one-sided curvature estimate we get that the second, and 
"more ambitious", of Calabi's conjectures is also true for embedded minimal disks. In par- 
ticular, Jorge-Xavier's examples cannot be embedded. Namely, letting R — ► oo in Corollary 
10.81 gives the following halfspace theorem: 

Corollary 0.11. The plane is the only complete embedded minimal disk in R 3 in a halfspace. 

In the final section, we will see that our results for disks imply both of Calabi's conjectures 
and properness also for embedded surfaces with finite topology. Recall that a surface £ is 
said to have finite topology if it is homeomorphic to a closed Riemann surface with a finite 
set of points removed or "punctures". Each puncture corresponds to an end of E. 

The following generalization of the halfspace theorem gives Calabi's second, "more ambi- 
tious", conjecture for embedded surfaces with finite topology: 

Corollary 0.12. The plane is the only complete embedded minimal surface with finite 
topology in a halfspace of R 3 . 

Likewise, we get the properness of embedded surfaces with finite topology: 

Corollary 0.13. A complete embedded minimal surface with finite topology in R 3 must be 
proper. 

Most of the classical theorems on minimal surfaces assume properness, or something which 
implies properness (such as finite total curvature). In particular, this assumption can now 
be removed from these theorems. 

Before we recall in more detail some of the earlier work on these conjectures we will try 
to give the reader an idea of why these kind of properness results should hold. 

The proof that complete embedded minimal disks are proper, i.e., Corollary 10.71 consists 
roughly of the following three main steps: 

(1) Show that if the surface is compact in a ball, then in this ball we have good chord 
arc bounds. 

(2) Show that if each component of the intersection of each ball of a certain size is 
compact (so that by the first step we have good estimates), then each intersection 
with double the Euclidean balls is also compact. Initially possibly with a much worse 
constant but then by the first step with a good constant. 

(3) Iterate the above two steps. 

Step 1 above relies on our earlier results (see |CM3j - [CM6j : see also |CM9j for a survey) 
about properly embedded minimal disks. We will come back to this in the main body of this 
paper and instead here outline the proof of step 2 assuming step 1. 



sup \A E \ 2 < R 

Br(x) 



(0.10) 
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Suppose therefore that all intersections of the given disk with all Euclidean balls of radius 
r are compact and have good chord arc bounds. We will show the same for all Euclidean 
balls of radius 2r. 

If not; then there are two points x, y G B 2r H £ in the same connected component of 
B 2r PI £ but with dists(x, y) > C r for some large constant C. Let 7 be an intrinsic geodesic 
in B 2r H S connecting x and y. By dividing 7 into segments, we conclude that there must be 
a pair of points xq and yo on 7 m -^2r which are intrinsically far apart yet extrinsically close. 
We will start at these two points and build out showing that Xq and yo could not connect in 
B 2r H S. This will be the desired contradiction. 

By the assumption, each component of 5 r (xo)HS is compact and by step 1 has good chord 
arc bounds; hence Xq and yo must lie in different components. Thus we have two compact 
components of B r (xo) n X which are extrinsically close near the center. Earlier results (the 
one-sided curvature estimate of [CM6j ; see theorem 0.2 there) show that half of each of these 
two components must have curvature bounds. Since this bound for the curvature is in terms 
of the size of the relevant balls, then it follows that a fixed fraction of these components must 
be almost flat - again relative to its size. In fact, it follows now easily that these two almost 
flat regions contains intrinsic balls centered at x and yo and with radii a fixed fraction of r. 
We can therefore go to the boundary of these almost flat intrinsic balls and find two points 
X\ and yi, one point in each intrinsic ball which are extrinsically close yet intrinsically far 
apart. 

Repeat the argument with x\ and y\ in place of xq and yo to get points x 2 and y 2 . Iterating 
gives large regions in the surface centered at xq and yo with a priori curvature bounds. Once 
we have a priori curvature bounds then improvements involving stability show that even 
these large regions are almost flat and thus could not combine in B 2r . This is the desired 
contradiction and hence completes the outline of step 2 above of the proof that embedded 
minimal disks are proper. 

It is clear from the definition of proper that a proper minimal surface in R 3 must be 
unbounded, so the examples of Nadirashvili are not proper. Much less obvious is that the 
plane is the only complete proper immersed minimal surface in a halfspace. This is however 
a consequence of the strong halfspace theorem of D. Hoffman and W. Meeks, |HoMe] . and 
implies that also the examples of Jorge- Xavier are not proper. 

There has been extensive work on both properness (as in Corollary 10.71) and the halfspace 
property (as in Corollary 10. lip assuming various curvature bounds . Jorge and Xavier, |JXal] 
and [JXa2j . showed that there cannot exist a complete immersed minimal surface with 
bounded curvature in Hi{xi > 0}; later Xavier proved that the plane is the only such 
surface in a halfspace, |Xaj . Recently, CP. Bessa, Jorge and G. Oliveira-Filho, |BJOj . and 
H. Rosenberg, [Roj . have shown that if complete embedded minimal surface has bounded 
curvature, then it must be proper. This properness was extended to embedded minimal 
surfaces with locally bounded curvature and finite topology by Meeks and Rosenberg in 
|MeRoj ; finite topology was subsequently replaced by finite genus in jMePRs] by Meeks, J. 
Perez and A. Ros. 

Inspired by Nadirashvili's examples, F. Martin and S. Morales constructed in |MaMo2j 
a complete bounded minimal immersion which is proper in the (open) unit ball. That is, 
the preimages of compact subsets of the (open) unit ball are compact in the surface and the 
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image of the surface accumulates on the boundary of the unit ball. They extended this in 
[MaMo3j to show that any convex, possibly noncompact or nonsmooth, region of R 3 admits 
a proper complete minimal immersion of the unit disk; cf . [Na2] . 

Finally, we note that Calabi and P. Jones, [Jo], have constructed bounded complete holo- 
morphic (and hence minimal) embeddings in higher codimension. Jones' example is a graph 
and he used purely analytic methods (including the Fefferman-Stein duality theorem between 
H 1 and BMO) while, as mentioned in Question 10.31 Calabi's approach was algebraic: Calabi 
considered the lift of an algebraic curve in a complex surface covered by the unit ball. 

Throughout this paper, we let xi,X2,x$ be the standard coordinates on R 3 . For y G 
E C R 3 and s > 0, the extrinsic and intrinsic balls are B s (y) and B s (y), respectively, and 
dists(-, •) is the intrinsic distance in E. We will use E^ to denote the component of B s (y)C\'E 
containing y\ see Figure [2J The two-dimensional disk B s (0) fl {x% = 0} will be denoted by 
D s . The sectional curvature of a smooth surface E C R 3 is Ks and As will be its second 
fundamental form. When E is oriented, is the unit normal. 



Figure 1. E yiS (in bold) denotes the component of B s (y) fl E containing y. 

We will use freely that each component of the intersection of a minimal disk with an 
extrinsic ball is also a disk (see, e.g., appendix C in |CM6j ). This follows easily from the 
maximum principle since \x\ 2 is subharmonic on a minimal surface. 

In [CM9] . the results of this paper as well as [CM3j - [CM6j are surveyed. 



The main result of this paper (Theorem 10. 5j) will follow by combining the next propo- 
sition with a result from |CM6j . This next proposition gives a weak chord arc bound for 
an embedded minimal disk but, unlike Theorem 10.51 only for one component of a smaller 
extrinsic ball. The result from |CM6j will then be used to show that there is in fact only one 
component, giving the theorem. 

Proposition 1.1. There exists 5± > so that if E C R 3 is an embedded minimal disk, then 
for all intrinsic balls Br(x) in E \ <9E, the component E^^r of Bs 1 r(x) fl E containing x 
satisfies 




1. Theorem 10.51 and estimates for intrinsic balls 



E^ij C B R/2 (x) . 



(1.2) 
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The result that we need from |CM6] to show Theorem 10.51 is a consequence of the one- 
sided curvature estimate of |CM6j ; it is corollary 0.4 in [CM6j . This corollary says that if two 
disjoint embedded minimal disks with boundary in the boundary of a ball both come close 
to the center, then each has an interior curvature estimate. Precisely, this is the following 
result: 

Corollary 1.3. |CM6] There exist constants c > 1 and e > so that the following holds: 
Let Ei and E 2 be disjoint embedded minimal surfaces in B c r C R 3 with <9Ej c dB C R and 
B e r R Ej ^ 0. If Ei is a disk, then for all components E^ of Br H Ei which intersect B e R 

sup \A\ 2 < FT 2 . (1.4) 

Using this corollary, we can now prove Theorem 10.51 assuming Proposition ll.il whose proof 
will fill up the next two sections. 

Proof, (of Theorem 10.51 using Corollary 11.31 and assuming Proposition II. ip . Let c > 1 and 
e > be given by Corollary 11.31 and 5\ > by Proposition 11.11 

Let x G Br(0) be a fixed but arbitrary point and let E and E x be the components of 

B c(\x\+r ) n E (1-5) 

containing and x, respectively. Here tq is given by the curvature assumption in the state- 
ment of the theorem. We will divide into two cases depending on whether or not we have 
the following inequality 

2c(l ^ l+ro) <i?. (1.6) 
die 

If (11.61) holds, then Proposition 11.11 (with radius equal to 2c (N+ r °) ) irnplies that 

E c ff ccw+rq) (0) (1.7) 

and also, since B C (\x\+r ) C -B^n+tq) (x) by the triangle inequality, 

E x C B c(\ x \+r o) (x) . (1.8) 

On the other hand, by definition, the embedded minimal disks E and T, x are contained in 
B c{\x\+ rQ ) . Since and x are in the smaller extrinsic ball B c n x \ +rf ^, then both E and E x 

intersect B c n x \ +ro y Furthermore, (11.71) and (11.81) imply that E and E x are both compact 
and have boundary in dB C (\ x \+r ) . However, it follows from Corollary 11.31 and the lower 

e 

curvature bound (i.e., sup BrQ |v4| 2 > r$ 2 ) that there can only be one component with all of 
these properties. Hence, we have E = so that 

E x c£ £ (M ±I o)(0), (1.9) 

giving the claim (10. 6p . 

In the remaining case, where (11. 6p does not hold, the claim (I0.6P follows trivially. □ 



Before discussing the proof of Proposition II. 1| we conclude this section by noting some 
additional applications of Theorem l0.5l As alluded to in the introduction, then an immediate 
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consequence of Theorem 10.51 is that we get intrinsic versions of all of the results of [CM6j . 
For instance we get the following: 

Theorem 1.10. Intrinsic balls in embedded minimal disks are part of properly embedded 
double spiral staircases. Moreover, a sequence of such disks with curvature blowing up 
converges to a lamination. 

For a precise statement of Theorem 11.101 see theorem 0.1 of [CM6j . with intrinsic balls 
instead of extrinsic balls. 

A double spiral staircase consists of two multi- valued graphs (or spiral staircases) spiralling 
together around a common axis, without intersecting, so that the the flights of stairs alternate 
between the two staircases. Intuitively, an (embedded) multi-valued graph is a surface such 
that over each point of the annulus, the surface consists of N graphs; the actual definition 
is recalled in Appendix |A] 

2. Chord arc properties of properly embedded minimal disks 

The proof of Proposition 11.11 will be divided into several steps over the next two sections. 
The first step is to prove the special case where we assume in addition that £ is compact 
and has boundary in the boundary of an extrinsic ball. The advantage of this assumption is 
that the results of [CM3j - [CM6] can be applied directly. 

2.1. Properly embedded disks. The next proposition gives a weak chord arc bound for a 
compact embedded minimal disk with boundary in the boundary of a ball. The fact that this 
bound is otherwise independent of £ will be crucial later when remove these assumptions. 

Proposition 2.1. Let X C R 3 be a compact embedded minimal disk. There exists a 
constant 5 2 > independent of £ such that if x G £ and £ C Br(x) with <9£ C dBn(x), 
then the component T, x ^ 2 r of Bg 2 n(x) fl £ containing x satisfies 

Z x>S2R cBn(x). (2.2) 

The key ingredient in the proof of Proposition 12.11 is an effective version of the first main 
theorem in [CM6j . Before we can state this effective version, we need to recall two definitions 
from [CM6] . 

First, given a constant 5 > and a point z G R 3 , then we denote by Cs{z) the (convex) 
cone with vertex z, cone angle (tt/2 — arctan5), and axis parallel to the a^-axis. That is, 

C s (z) = {x G R 3 1 (x 3 - z 3 ) 2 > 5 2 {{x x - Zl f + (x 2 - z 2 ) 2 )} . (2.3) 

Second, recall from [CM6] that, roughly speaking, a blow up pair (y, s) consists of a point 
y where the curvature is almost maximal in a (extrinsic) ball of radius roughly s. To be 
precise, fix a constant C±, then a point y and scale s > is a blow up pair (y, s) if 

sup \A\ 2 <As~ 2 = A\A\ 2 (y) . (2.4) 

B ClS (y)ns 

The constant C\ will be given by theorem 0.7 in [CM6j that gives the existence of a multi- 
valued graph starting on the scale s. 

We are now ready to state a local version of the first main theorem in |CM6j . This is 
Lemma T2.5I below and shows that a compact embedded minimal disk, with boundary in the 
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boundary of an extrinsic ball, is part of a double spiral staircase. In particular, it consists of 
two multi- valued graphs spiralling together away from a collection of balls whose centers lie 
along a Lipschitz curve transverse to the graphs. (The centers t/i will be ordered by height 
around a "middle point" ?/ j negative values of % should be thought of as points below y$.) 

Lemma 2.5. Let X C R 3 be a compact embedded minimal disk. There exist constants Cj n , 
Cout, Cdist, c max , and 5 > independent of E so that if E C B R with <9E C dB R and 

sup \A\ 2 >c 2 max R-\ (2.6) 



B R/cmax nS 



then there is a collection of blow up pairs {(y iy Sj)}j with y G B R /^ Cout y In addition, after 
a rotation of R 3 , we have that: 

(0) For every z, we have B ClSi (yi) C B 6R/Cout . 

(1) The extrinsic balls B s .(yi) are disjoint and the points {y{\ lie in the intersections of 
the cones 

U< M C r\Cs(yi) ■ (2.7) 

(2) The points yt "string together" starting at y : For each i > 0, we have yi G 
B CmS Xyi-i); for each i < 0, we have y { G B CinSi (y i+1 ). _ 

(3) The ?/j's go from top to bottom, i.e., there is a curve S C B R / Cout fl Ui-B Cin ^(yi) with 



SR 5R 
mf x 3 < < < sup x 3 . 

S & C ou t ^ c n 



(2.1 



--out 



(4) "Graphical away from balls": B R / Cout fl S \ UiB c . nS .(yi) consists of exactly two multi- 
valued graphs (which spiral together) with gradient < 6/2. 

(5) "Chord arc": For each i, we have B CmSi (yi) H E C S CdisfSi (?/,). 




Figure 2. The balls B s .(yi) in the statement of Lemma 12.51 are disjoint, yet con- 
secutive balls are not too far apart; cf (2). In particular, the ratio of the radii of 
consecutive balls is bounded. 
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Note that (l)-(3) are the effective version of the fact that the singular set S in |CM6] 
is a Lipschitz graph over the X3-axis. Property (4) says that the surface is graphical away 
from the balls B CinS .{yi). Finally, (5) is a chord arc property showing that the extrinsic balls 
B c . nS .{yi) are contained in intrinsic balls B CdistSi (yi). 

The proof of Lemma 12.51 is essentially contained in |CM6] but was not made explicit 
there. We will describe where to find properties (0)-(5) in [CM6j . as well as the necessary 
modifications, over the next three subsections. The reader who wishes to take these six 
properties (0)-(5) for granted should jump to subsection 12.51 

2.2. Results from |CM6] . We will first recall a few of the results from [CM6j that we will 
use. The first of these, theorem 0.7 in |CM6j . gives the existence of multi- valued graphs 
nearby a blow up pair; cf. (12.41) . The precise statement is the following: 

Lemma 2.9. [CM6] Given N G Z + and e > 0, there exist C\ and C 2 > so that the 
following holds: 

Let E C R 3 be an embedded minimal disk with G £ C Br and dH C dBf>. If (0, s) with 
< s < R/Ci is a blow up pair (i.e., satisfies (12 .4p with y = and this Ci), then there exists 
(after a rotation of R 3 ) an iV-valued graph 

£ s C En {x\ < e 2 (x\ + x\)} (2.10) 

over D R /c 2 \ D ClS with gradient < e. 

The second result that we will need to recall is the existence of blow up pairs nearby a 
given blow up pair. This will be used to show that the points yi string together. This was a 
key ingredient in the proofs of both main theorems in |CM6] and is recorded in proposition 
1. 0.11 there (it was proven in corollary III. 3. 5 in [CM5] ). For clarity, we restate this next 
and give an elementary proof using |CM6j . Note, however, that we could not have used this 
elementary proof in |CM5j since |CM6j relies on [CM5j . 

Lemma 2.11. [CM5] Let N, e, C u and C 2 be as in lemma [2791 Then there exists a constant 
C 5 > 4 Ci so that if 

(a) £ C R 3 is an embedded minimal disk with £ C Bc 5S {y) and <9E C dBc 5S (y), 

(b) (y, s) is a blow up pair, 

then we get two blow up pairs (y + , s + ) above y and (?/_, s_) below y with 

B Cls± (y ± )cB CBS (y)\B Cls (y). (2.12) 

Proof. After rescaling and translating E, we can assume that y = and s — 1. We will find 
the blow up pair (y + , s + ) above y (the other case is identical). Let E + denote the portion of 
E above (i.e., above the multi- valued graph corresponding to this blow up pair). 

It is easy to see by a simple blow up argument (lemma 5.1 in |CM4j ) that it suffices to 
show that 

sup \z\- 2 \A\ 2 (z) >4Ci. (2.13) 

zeB Crj/2 nT,+\B 4Cl 

We will argue by contradiction; suppose therefore that E, is a sequence of embedded minimal 
disks satisfying (a) and (b) with y = 0, s — 1, and C$ = i but so that (I2.13P fails for every i. 

Rescaling the Ej's by a factor of y/i, we get a new sequence E« with Ej C B^q and 
<9Ej C dB^q and so that |y4| 2 (0) — > oo. Hence, we can apply the first main theorem of 
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[CM6j (theorem 0.1 there) to get a subsequence £j> converging off of a Lipschitz curve S 
(where \A\ — > oo) to a foliation of R 3 by parallel planes. Moreover, this Lipschitz curve 
goes through and is transverse to the planes and consequently intersects every hemisphere 
above the plane through 0. However, this is a contradiction since (12.131) gives a scale-invariant 
curvature bound above this plane. □ 

Finally, we will need an easy consequence of the one-sided curvature estimate of |CM6] 
(this consequence is corollary 1.1.9 in [CM6j ): 

Corollary 2.14. |CM6] There exists So > so that the following holds: 

Let £ C B 2Ro be an embedded minimal disk with dT, C dB 2Ro . If £ contains a 2- valued 

graph £ d C {x\ < 8$ (x\ + x 2 )} over D Ro \ D ro with gradient < S , then each component of 

B v nS\(C Jo (0)UB 2ro ) (2.15) 
is a multi- valued graph with gradient < 1. 

2.3. Properties (0)-(4) in Lemma 12.51 Properties (1) through (4) in Lemma 12.51 were 
implicit in [CM6j and we will describe below how to prove them using the results in [CM6j . 
We first describe how to get the blow up points satisfying (0)-(3). 

• The slope 5 and constant C\. Set 5 = 5 from Corollary 12. 141 Then let C\ and 
C 2 be given by Lemma [2.91 with N = 2 and e = 5/8. 

• The initial multi-valued graph: The lower curvature bound (12. 6p and a simple 
blowup argument (lemma 5.1 in |CM4j ) give a blow up pair (yo, sq) with 

B ClS0 (y )^B c , R/Cmax . (2.16) 

Lemma 12.91 then gives an associated rotation of R 3 and a 2- valued graph £ with 
gradient < 5/8 over 

D R/{2 c 2) (y )\D ClS0 (y ). (2.17) 
(Here we have used a slight abuse of notation since yo may not be in the plane 
{x 3 = 0}.) 

• Blow up pairs satisfying (0) are nearly parallel: As long as c ou t is sufficiently 
large, then any blow up pair (yi,Si) satisfying (0) automatically has gradient < 5/3. 
To see this, simply note that it has gradient < 5/8 over some plane; embeddedness 
then forces this plane to be almost parallel to the plane {x% = 0}. 

• Nearby blow up pairs satisfy (0): After possibly choosing c max even larger, then 
(12. 6p implies that any blow up pair (yi,si) with yi e B 2R / Cout must have CiSj < 
4R/c out , i.e., must satisfy (0). 

• Blow up pairs satisfying (0), (1), and (2): We will iteratively apply Lemma 
12. lll to blow up pairs (yi, Si) satisfying (0)-(2). To get the first pair above yo, apply 
Lemma [2.111 to get (yi, s\) above yo with 

B ClSl ( yi ) C B C5SO (y )\B ClSo (yo) ■ (2.18) 

Repeat this to find y 2 , etc., until 

B C5Si ( yi )ndB 2R/Cout ^$. (2.19) 

The ?/j's with i < are constructed similarly. Note that every yi is then contained in 
B 2R / Cout so that (0) holds. Finally, the cone property (1) follows immediately from 
Corollary EH 
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• Property (3): Iteratively applying (1) directly gives (3). This is because (1) gives 
a lower bound for the slope of the line segment connecting consecutive y^s. 

We will next describe how to get (4) by combining (l)-(3) with results of |CM3| - [CM6j . 
Finally, we will establish (5) in the next subsection. 

Observe first that Lemma 12.91 directly gives the gradient bound (4) on each of the corre- 
sponding 2-valued graphs. To extend this gradient bound to the rest of S, note that we can 
choose a constant C 2 so that each point 

y£B R/c , nS\U,B c - Si ( !/i ) (2.20) 

satisfies a one-sided condition as in Corollary II .31 Precisely, y is between the 2-valued graphs 
corresponding to some yi and yi + i and, furthermore, these graphs are themselves close enough 
together that we get two (in fact many) distinct components of 

B ly _ yil/2 (y)nZ (2.21) 

which intersect the smaller concentric extrinsic ball 

B e]y _ yil/(2c) (y). (2.22) 

Therefore, Corollary 11.31 gives a curvature estimate near y. Finally, the desired gradient 
bound (4) at y then follows from this curvature bound, the bound for the gradient of the 
2-valued graphs y is pinched between, and the gradient estimate. The fact that there are 
exactly two of these multi- valued graphs was proven in proposition II. 1.3 in [CTV16J. 

2.4. The proof of (5) in Lemma 12.51 The key to establishing (5) is to first prove a chord 
arc bound assuming bounded curvature (Lemma I2.23P and second to establish the curvature 
bound (Lemma 12.261) . This chord arc bound is essentially lemma II. 2.1 of [CM6j . but the 
statement there does not suffice for the application here. The statement that we need is the 
following: 

Lemma 2.23. (cf. lemma II. 2.1 in |CM6j .) There exists Cd > 1 so that given a constant 
C a , we get another constant Cb such that the following holds: 

If £ C R 3 is an embedded minimal disk with G £ C Br and <9£ C OBr and in addition 

sup \A\ 2 <C a R-\ (2.24) 

then 

S «cB CiJJ (0). (2.25) 

Proof. See Appendix iBl □ 

The second result from [CM6j that we will need is a curvature bound on a larger extrinsic 
ball Bc 3Si {yi) around a blow up point (yi, si). The proof of this curvature bound is essentially 
contained in the proof of lemma 1. 1.10 in |CM6] but was not made explicit there. For 
completeness, we state and prove this bound below: 

Lemma 2.26. jCM6] For every positive number C3, there is a positive number C4 with the 
following property. If 

(a) £ C R 3 is an embedded minimal disk with £ C B CiS {y) and <9£ C dB C4S (y), 

(b) (y, s) is a blow up pair, 
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then we get the curvature bound 

sup \A\ 2 <C A s~ 2 . (2.27) 

Bc 3 s{y)r\T, 

Proof. After rescaling and translating E, we can assume that y = and s — 1. We will 
argue by contradiction; suppose therefore that E, is a sequence of embedded minimal disks 
satisfying (a) and (b) with y — 0, s — 1, and C4 = i but so that (I2.27f) fails for some fixed 

c 3 . 

Since both the radii i of the extrinsic balls go to infinity and 

sup \A\ 2 ^oo, (2.28) 
B Cs (o)nSi 

we can apply the first main theorem of [CM6] (th eorem 0.1 there). Therefore, a subse- 
quence Ej/ converges off of a Lipschitz curve S to a foliation of R 3 by parallel planes. This 
convergence implies that the supremum of \A\ 2 on each fixed extrinsic ball either goes to 
zero or infinity, depending on whether or not this ball intersects S. However, this directly 
contradicts the assumption (b), thereby giving the lemma. □ 

To prove (5), we first use Lemma [223 to get a uniform curvature bound on larger extrinsic 
balls Bc^sXVi)- Combining Lemma 12.231 and using the one-sided estimate (i.e., Corollary 
II. 3p to see that there is only such component, then gives (5). 

2.5. The proof of Proposition 12.11 We will next see how properties (0)-(5) in Lemma 
12.51 imply Proposition 12.11 

Proof, (of Proposition 12. ip . We will divide the proof into two cases, depending on whether 
or not the curvature is large, i.e., whether ( 12. 6p holds. 

Suppose first that ( 12.61) fails so that we have the curvature bound 

sup \A\ 2 < c 2 max R- 2 . (2.29) 

We can then apply Lemma 12.231 to get 

V^W, (2-30) 

giving the proposition in this case. 

In the second case, where ( I2.6P holds, the proposition will follow from Lemma 12.51 We do 
this in two steps. 

First, for any point 

zeB SR/(4cout) (x)nv, (2.31) 

we have 

dist s (s, UiB^M) <C'R. (2.32) 
This follows immediately from the gradient bound for the multi-valued graphs given by (4) 
together with the fact that the points yi go from top to bottom by (2) and (3). 

Second, (1) and (5) imply a bound for the diameter of the union of the balls B c . nSi (yi). 
Namely, the balls B Si (yi) are disjoint and satisfy the cone property (1) and, therefore, we 
get a bound for the sum of the radii Sj of these balls 

X> <C R/c in . (2.33) 
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Combining this with the chord arc property (5) then gives a bound for the diameter of the 
union of these balls 

diam s (B R/Cout (x) n UiB^Vi)) <C'R. (2.34) 

Combining the bounds (12.321) and ( 12.34(1 . the triangle inequality gives the proposition in this 
case as well. □ 

3. The proof of Proposition 11.11 

In this section, we will complete the proof of Proposition ll.il To do this, we will first define 
a weak chord arc property for an intrinsic ball. This property requires that the intrinsic ball 
contains an entire component of E in a smaller extrinsic ball. 

Throughout this section E C R 3 is an embedded minimal disk, possibly noncompact, with 
boundary <9E. 

3.1. Weakly chord arc. To show Proposition ll.il we need to prove that there is a constant 
8\ > so that for any intrinsic ball Br(x) cS \ <9E we have the inclusion 

<zBr(x), (3.1) 

where, as before, Ti x> 5 lR denotes the component of B$ lR (x) fl E containing x. 

Since E is smooth, the inclusion (13. ip must hold for sufficiently small balls depending on 
E. The key step in the proof of Proposition 11.11 is to show that if (13. ip holds on one scale, 
then it also holds on five times the scale. (Here, when we say that it holds on a scale, we 
mean that it holds for all balls of this radius; cf. (A') in the proof.) This will be done in 
Proposition 13 .41 below. Proposition 11.11 will then follow by using a blow up argument (Lemma 
13.391 below) to locate the largest scale where (13.11) holds and then applying Proposition 13.41 
to see that (13. ip continues to hold on larger scales. 

We will say that an intrinsic ball where we have the inclusion (13.11) is weakly chord arc; 
namely, we make the following definition: 

Definition 3.2. (Weakly chord arc). An intrinsic ball B s (x) C E \ <9E is said to be 5-weakly 
chord arc for some 5 > if (13. ip holds with R = s and 5 = 5\. Note that (13.11) is only 
possible if 6 < 1/2. 

It will be important later that subballs of a weakly chord arc ball are themselves weakly 
chord arc. While this does not follow directly from (13. ip . we do directly get that the in- 
tersections with smaller extrinsic balls are compact and have boundary in the boundary of 
the smaller ball. In particular, these properties will allow us to apply Proposition 12.11 to 
conclude that the smaller balls are themselves ^-weakly chord arc; this will be done in the 
beginning of the proof of Proposition 11.11 when we replace (A) with (A') there. 

It will be convenient to introduce notation for the largest radius of a weakly chord arc ball 
about a given point. We will do this next. 

Given a constant 5 and a point x G E \ <9E, we let R$(x) denote the largest radius where 
Br 5 ( x ){.x) is 5-weakly chord arc, i.e., 

R$(x) = sup {R | Br(x) C E \ <9E is 5-weakly chord arc } . (3.3) 

Since E is a smooth surface, we obviously have R$(x) > for every x and any 5 < 1/2. 
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We can now state the key proposition which shows that if all intrinsic balls of radius Ro 
near a point y are ^-weakly chord arc, then so is the five-times ball £>sr (?/) about y. The 
constant 82 in the proposition is given by Proposition 12.11 

Proposition 3.4. Let E C R 3 be an embedded minimal disk. There exists a constant 
Cb > 1 independent of E so that if Bc b r (y) C E \ <9E is an intrinsic ball and 

(A') every intrinsic subball Br (z) C Bc b R (y) is ^-weakly chord arc, 
then, for every s < 5 Rq, the intrinsic ball B s (y) is ^-weakly chord arc. 

3.2. Extrinsically close yet intrinsically far apart. In this subsection, we recall from 
|CM2j and [CM4j several important properties of embedded minimal surfaces with bounded 
curvature. The basic point is that nearby, but disjoint, minimal surfaces with bounded 
curvature can be written as graphs over each other of a positive function u which satisfies a 
useful second order elliptic equation. We will focus here on two consequences of this. The 
first is a chord arc result assuming an a priori curvature bound (see Lemma T3.6I below) . The 
second is that this elliptic equation for u implies a Harnack inequality for u that bounds the 
rate at which the two disjoint surfaces can pull apart. 

We will need the notion of 1/2-stability. Recall from [CM4j that a domain Q C E is said 
to be 1/2-stable if, for all Lipschitz functions <fi with compact support in Q, we have the 
1 /2-stability inequality: 

~ J\AU 2 < J |V0| 2 . (3.5) 

Loosely speaking, the next elementary lemma shows that if two disjoint intrinsic balls are 
extrinsically close (see (13. 8p ) and have a priori curvature bounds (see (13.71) ). then smaller 
concentric intrinsic balls are almost flat and thus in particular their boundaries are far away 
from their centers (see the conclusion (13.91) ). Since it is only this last conclusion that we 
need, and not the stronger statement that they are almost flat, we only state this. 

Lemma 3.6. There exists Co > 1 so that for every C a > 0, there exists r > such that if 
Bc (xi) and Bc (x2) are disjoint intrinsic balls in E \ <9E with 

sup \A\ 2 <C a , (3.7) 

Bc (xi)UB Co (x 2 ) 

\zi - z 2 \ < r , (3.8) 

then for % — 1, 2 we have 

B lo (x i )n9B 11 (x i ) = 0. (3.9) 

Proof. Using the argument of [CM2] (i.e., curvature estimates for 1/2-stable surfaces) we get 
a constant Co > 1 so that if Bc /2(z) CE \ <9E is 1/2-stable, then £>n(z) is a graph with 

B w (z)ndB n (z) = Q. (3.10) 

Corollary 2.13 in [CM4j gives r = r{C a ) > so that if \z\ - z 2 \ < r and \A\ 2 < C a on (the 
disjoint balls) Bc (zi), then each subball 

Bounce (3.11) 
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is 1/2-stable. □ 
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As mentioned above, one of the key points in the proof of the previous lemma was that 
nearby, but disjoint, embedded minimal surfaces with bounded curvature can be written as 
graphs over each other of a positive function u. Furthermore, standard calculations show 
that this function u satisfies a second order elliptic equation resembling the Jacobi equation 
(for the Jacobi equation, the functions aij,bj,c in (13.141) vanish). These standard, but very 
useful, calculations were summarized in lemma 2.4 of [CM4j which we recall next. 

Lemma 3.12. |CM4j There exists 5 g > so that if £ is minimal and if u is a positive 
solution of the minimal graph equation over £ (i.e., {x + w(a;) ns(i) | x G £} is minimal) 
with 

|Vu| + \u\ \A\ < S g , (3.13) 

then u satisfies on S 

Au = div(aVu) + (b, Vu) + (c - 1)\A\ 2 u , (3.14) 
for functions dij,bj,c on £ with \a\, \c\ < 3 \A\ \u\ + |Vw| and |fe| < 2 \A\ |Vw|. 

Equation (I3.14p implies a uniform Harnack inequality for u which bounds the supremum 
of u on a compact subset of £ \ <9£ by a multiple of the infimum; see, for instance, theorem 
8.20 in [GiTr] . We will use this in the next subsection to show that two nearby, but disjoint, 
components of £ with bounded curvature pull apart very slowly. 

3.3. Extending weakly chord arc to a larger scale: The proof of Proposition 13.41 

We are now prepared to prove Proposition ^. 41 i.e., to show that if all intrinsic balls of radius 
Rq near a point y are weakly chord arc, then so is the five-times ball E^,R {y) about y. To do 
this, we first show that £> 5 # (?/) is still weakly chord arc, but with a worse constant. We then 
use Proposition 12 . II to improve the constant, i.e., to see that it is in fact 5 2 - weakly chord arc. 

The reader may find it helpful to compare the proof below with the simpler proof of the 
special case where S has bounded curvature, i.e., with the proof of Lemma 12.231 given in 
Appendix [HI The difference is that here the one-sided curvature estimate is used, while there 
we simply assume an a priori bound on the curvature. 

Proof, (of Proposition 13.41 ) After rescaling and translating E, we can assume that Rq — 1 
and y = 0. 

The proposition follows from the following claim: There exists n so that 

S 0i5 ci3 (6n+3 )c (0), (3.15) 

where Co > 1 is given by Lemma 13.61 The proposition will follow immediately from (13.151) 
by applying Proposition 12. II to S 0i 5- Namely, (13. 15j) implies that the embedded minimal disk 
S 0j 5 is compact and has 

dZ , 5 cdB 5 . (3.16) 
We can therefore apply Proposition 12.11 for any t < 5 to get that 

E 0)52t cB t/2 (0), (3.17) 

giving the proposition. 

We will prove the claim (i.e., (I3.15P ) by arguing by contradiction; so suppose that (13.151) 
fails for some large n. Consequently, we get a curve 

<7C£ 0) 5C£ 5 (3.18) 
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from to a point in <9£>( 6n+3 ) c (0)- For i = 1, . . . , n, fix points 

Zi edB 6iCo (0)na. (3.19) 

It follows that the intrinsic balls B 3 c ( z i)'- 

• Are disjoint. 

• Have centers in B 5 C R 3 . 

Since the n points {z^} are all in the Euclidean ball B 5 C R 3 , there exist integers z'i and 
%2 with 

< |^ - z l2 \ < C'n~ 1/:i . (3.20) 

Furthermore, since each intrinsic ball of radius one about any is 5- weakly chord arc by 
(A'), we have that each embedded minimal disk S Zii 5 is compact and has 

d^ 5 C dB 5 ( Zi ) . (3.21) 
Consequently, for n large enough, (13.201) implies that the components Si and S 2 of 

Bi^JnE (3.22) 
containing Zi x and z^, respectively, are compact and have 

dEiCdBi{z h ). (3.23) 

Note that the center of this extrinsic ball is the same for Si and S 2 . Let c > 1 be given by 
Corollary [L3j For n sufficiently large, (I3.20p implies that S 2 intersects the smaller concentric 
extrinsic ball B±(z il ) and, since Si contains the center of this ball, then it follows that for 

2c 

both j = 1 and j = 2, we have that 

B ± (z h ) nS^ ^ 0. (3.24) 

2c 

Combining (13. 23j) and (I3.24p . Corollary 11.31 gives the curvature bound for j = 1, 2 

sup \A\ 2 < (-f) . (3.25) 



b s CO 

2H J 



2c 



By lemma 2.11 of [CM4j . the curvature bound (13.251) gives a constant r' = r'(5, c) so that 
if n is sufficiently large, then B^ r r(z i2 ) can be written as a normal exponential graph of a 
function u over a domain Q, where: 

(i) The function u satisfies (13.131) . 

(ii) The domain Q contains, and is contained in, concentric intrinsic balls as follows 

B 2r ,( Zil ) c Q C B 4r ,(z h ). (3.26) 

(To see this, first use the curvature bound to write each component locally as a graph and 
then use embeddedness to see that these graphs must be roughly parallel.) By Lemma [3.121 
(and (I3.20p ). we can apply the Harnack inequality to u to get 

sup u < C\z l2 - z h \ < C'n~ 1/3 . (3.27) 

As long as n is large enough, (I3.27P allows us to repeat the argument with a point in the 
boundary dBr^z^) in place of z^. Therefore, for n large enough, we can repeatedly combine 
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Corollary 11.31 and the Harnack inequality to extend the curvature bound ( 13.25ft to the larger 
intrinsic balls 

B Co (^)forj = l,2. (3.28) 

Now that we have a uniform curvature bound on the disjoint intrinsic balls (I3.28P and the 
centers of these balls are extrinsically close by ( 13.201) . we can apply Lemma [3.61 to get that 

B 5 ndB 11 {z ij ) = ®. (3.29) 

(Here we used that B 5 C B 10 {zi 3 ) because z^. G B 5 .) Since the curve a must intersect 
dBn(zi ), this contradicts the fact that the curve a is contained in the ball B 5 . This contra- 
diction proves (13.151) and gives the proposition. □ 

The previous proposition is the key step in the proof of Proposition 11.11 To complete the 
proof, we will use a simple blow up argument to find some small initial scale which is weakly 
chord arc and then apply Proposition [1J] to get that so are larger scales. As is often the case 
in this type of blow up argument, then the existence of such an initial scale is complicated 
slightly by the fact that £ has non-empty boundary. 

To incorporate the boundary, we let as be the supremum of the ratio of the distance to 
<9E to the largest radius of an intrinsic ball which is 5- weakly chord arc, i.e., set 

dist s (2,<9£) ( , 

as = sup — — , (3.30) 

where Rs{z) is given by (13. 3p . 

3.4. Upper bounds for a$. Suppose for a moment that £ is compact and smooth up to 
the boundary <9£ and 5 < 1/2. We will, in the proof of Lemma [3.391 below, use that 

as < oo . (3.31) 

To see ( 13.311) . observe that compactness and smoothness give uniform bounds on \A\ 2 and 
the geodesic curvature of <9£. Given any constant e > 0, the bound on \A\ 2 gives a constant 
r > so that if s < r and B s (z) C E \ <9£, then B s (z) is a graph over some plane of a 
function with gradient < e. In particular, the intrinsic ball B s (z) is 5- weakly chord arc for e 
sufficiently small. Furthermore, the bound on the geodesic curvature of <9£ gives a constant 
ri > so that if 

d z = dist E (2, 8E) < r x , (3.32) 
then Bd z (z) C E \ <9£. We can then establish (13.311) by considering two cases depending on 
the distance to the boundary. If 

d z = dists(^, <9£) < min {r , 7*1} , (3.33) 

then Bd z (z) is 5-weakly chord arc so that 

R s {z) = dist E (^, dE) . (3.34) 

On the other hand, when (13.331) fails, then B r2 (z) is 5-weakly chord arc where r2 = min {ro, 7t} 
and hence 

dist s (z,gS) < diam (S) ^ 
Rs(z) r 2 

This shows that a$ < 00 if S is compact and smooth. 
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Let us return to Proposition 11.11 It is not hard to see that the proposition is equivalent 
to an upper bound (independent of E) for as for a fixed 5 > 0. Namely, suppose that 
Br(x) cS \ <9E is as in the proposition and we have an upper bound for as 

as < c < oo . (3.36) 

Since Br(x) cE \ <9E, then f l3.30|) implies that 

R < dist E (x, <9E) < cRs(x) . (3.37) 

Consequently, by the definition (13.31) of R$(x), there exists a radius s > || so that B s (x) is 
5-weakly chord arc and hence 

E T sr C E T ss C B R (x). (3.38) 
Equation (I3.38P would then give Proposition ll.il 

3.5. Locating the smallest scale which is not weakly chord arc. We will first need 
to locate a smallest scale on which E is not 5-weakly chord arc. We do this in the next 
lemma with a simple blow up argument. The E in this lemma is assumed to be compact 
and smooth up to the boundary so that a$ < oo by (13.311) . 

Lemma 3.39. Given E compact and smooth up to the boundary and a constant 5 with 
< 5 < 1/2, there exists y G S and Rq > so that: 

(A) Rs(x) > Ro for every x G B ag R (y), where Rs(x) is given by (13. 3p . 

(B) The intrinsic ball B 5 R (y) is not 5- weakly chord arc. 

Proof. Define a function G on E by setting 

= dist s (x0S) 

Since E is smooth and compact, then (I3.3ip and the definitions of G and give that 

as = sup G < oo . (3-41) 

We can therefore choose y so that G(y) is greater than half the supremum as of G on E. 
Hence, 

di5ts( f\ 9S) = G(y) > ^ = ^ . (3.42) 

We will see that (13151) implies (A) and (B) with R Q = Rs{y)/±. 

Set dg = dists(?/, <9E) so that if x G Bd g / 2 (y), then by the triangle inequality 

dist s (x,9E) > ^. (3.43) 

Combining ( 13.42}) and ( 13. 43ft gives for x G Bd d /2(y) that 

< G(x) < 2 G{y) = -^7 , (3.44) 



2R s (x) R 5 (y) 

and thus 



i?5 ( x)> ^) =Rq . (3.45) 
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From (I3.42p , we see that 2 as Ro < dg and hence 

B asRo (y) C B d _e(y) . (3.46) 

2 

Combining f!3.45|) and (I3.46P gives (A). We get (B) immediately from the maximality of 
R 5 {y). □ 

3.6. The proof of Proposition [TTT1 Bounding as. We are now prepared to prove Propo- 
sition [LI], i.e., to show that sufficiently small intrinsic balls in £ are weakly chord arc. As 
mentioned above, this is equivalent to giving a uniform upper bound for the constant as 
defined in f 1 3 . 3 j) for some fixed 8 > (the constant 8 will be given by Proposition 12. ip . 
In the actual proof, we will first use Lemma 13.391 to find the smallest scale which is not 
8- weakly chord arc. To bound as, it suffices to give a lower bound for this scale in terms of 
the distance to the boundary <9£. This is precisely the content of Proposition 13.41 

Proof, (of Proposition 11.11 ) Let the constant 8 — 82 be given by Proposition 12. 1[ As we 
have seen in (13.381) . the proposition follows from a uniform upper bound for the constant as 
defined in (I3.30p . The rest of the proof is to establish such a bound. 

Apply first Lemma \3. 391 to locate the smallest scale which is not 8- weakly chord arc. This 
gives a point y in £ and an intrinsic ball B as R (y) so that: 

(A) Rg(z) > R for every z G B asRo (y). 

(B) B^R {ij) is not 5-weakly chord arc. 

The condition (A) implies that each point z G Ba^iy) is the center of some 5-weakly chord 
arc intrinsic ball of radius greater than Rq. However, Proposition 12.11 then easily gives that 
Bfj (z) is in fact 5-weakly chord arc (here we use that 8 is given by that proposition). Namely, 
(A) can be replaced by: 

(A') Every intrinsic ball Br (z) with z G B as R (y) is 8- weakly chord arc. 

The proposition now follows from Proposition 13.41 Namely, Proposition 13.41 gives a constant 
Ct so that if 

as>C b , (3.47) 

then (A') implies that the five times intrinsic ball B^, Ro {y) is 5-weakly chord arc. Since this 
would contradict (B), we conclude that (13.471) cannot hold and the proposition follows. □ 



4. Finite topology: The proofs of Corollaries 10.121 and 10.131 

In this section, we prove both of Calabi's conjectures and properness for complete em- 
bedded minimal surfaces with finite topology. Recall that a surface X is said to have finite 
topology if it is homeomorphic to a closed Riemann surface of genus g with a finite set of 
punctures. Each puncture corresponds to an end of £ and thus the ends can be represented 
by punctured disks, i.e., each end is homeomorphic to the set 

{zeC\0<\z\<l}. (4.1) 
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4.1. Simply connected outside a compact set. The key point for extending our results 
to surfaces with finite topology is to show that intrinsic balls are eventually simply connected 
so that our results for disks can be applied. This is made precise in the next lemma. 

Lemma 4.2. Let T be a complete noncompact embedded minimal annulus which contains 
one compact component 7 of dT; the other boundary is at infinity. There is a constant R 
(depending on T) so that the following holds: 

If d x = distr(#, 7) > R, then the intrinsic ball Ba x /2{ x ) is a disk. (4.3) 

Proof. Suppose that (14. 3p fails for every R. It will follow from that V is an annulus with 
non-positive curvature that V has finite total curvature. Namely, if (14.31) fails, we get a 
sequence i ; G T with 

di = distr (^1,7) — > 00 (4.4) 
so that the exponential map from X{ is not injective into B^jiixi). In particular, there are 
distinct geodesies 7" and ^\ in B^j^ixi) from Xi to a point y-i e Bdi/zixi) and the closed curve 

7i = 7fU 7 * (4.5) 

is homologous to the compact boundary component 7. Let Tj be the bounded component 
of r \ 7j; so Ti is topologically an annulus bounded by 7 and the piecewise smooth closed 
geodesic 7$ with breaks at Xi and Write J k g and f k g for the two boundary terms in 
the Gauss-Bonnet theorem for the annulus Tj (both are uniformly bounded; k g is afterall 
just the angle contribution at X{ and %){). It follows that 

/ \A\ 2 = -2 f K r = 2 / k g + 2 / k g < C . (4.6) 

Moreover, by the triangle inequality, we have that distr(7,7i) > di/2 and hence Tj contains 
the intrinsic (<ij/2)-tubular neighborhood of 7. Since — > 00, the Tj's exhaust T, i.e., 
T C UiTj, and thus (14.61) implies that T has finite total curvature. 

Finally, we will show that (14.31) must hold when V has finite total curvature. To see this, 
note that since T is an embedded annulus with finite total curvature, it is asymptotic to 
either a plane or half of a catenoid (see, e.g., |Sc2j ). In either case, (14. 3 j) must hold for points 
sufficiently far from the interior boundary 7. This completes the proof of the lemma. □ 

4.2. Compact embedded annuli in a halfspace. We will next bound the total curvature 
for a compact embedded minimal annulus in a halfspace. In the next lemma, we will use 
T 7 ^ to denote the component of Br n V containing the boundary component 7. 

Lemma 4.7. Let V be as in Lemma I4T21 There exist constants e > and R so that if R > R, 
the component r 7j2 # is compact, and 

T^ 2 rC{x 3 > -eR}, (4.8) 

then r 7i # has bounded total curvature 

/ \A\ 2 < 2 [k g + 8n. (4.9) 

Proof. The bound (14.91) follows immediately from the Gauss-Bonnet theorem and the follow- 
ing two claims: 
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(CI) There is a constant e > so that if r 7j2 _R C {x-j > —eR} and <9r 7i # \ 7 intersects 
{x-3 < eR}, then dT lt R \ 7 is a graph over (a curve in) {£3 = 0} and 

k g <4n. (4.10) 

<9r 7 , fl \ 7 

(C2) For any e > 0, if R is sufficiently large, then dT^ R \ 7 intersects {x 3 < eR}. 

Since the statement is scale invariant, we can normalize so that 7 C B\. We will take R 
much larger than the constant R given by Lemma [4.21 so that (14.31) holds for R/2 — 1. 

The key point for proving (CI) is that the intrinsic one-sided curvature estimate, Corollary 
10.81 gives a constant ji > so that if e < ji and y G {\xs\ < jiR} H cT^/j \ 7, then 

sup \A\ 2 < C'fi 2 R~ 2 . (4.11) 

Note that to apply Corollary 10 .81 here, we used Lemma H~2l to see that B^/ 2 (y) is a topological 
disk. The claim (CI) follows easily from (14. lip . Namely, first choose a point yo G {0:3 < 
e R} fl (9r 7i K \ 7 and observe that the curvature bound (14. lip allows us to apply the gradient 
estimate to the positive harmonic function 23 + eR on Bn/^yo) to get 

sup |V r x 3 |<L7e. (4.12) 

Br/sIvo) 

The bound (14.121) implies that the ball £>r/s(2/o) is graphical and moreover is contained in 
the slab {\xs\ < C eR}. In particular, for e > sufficiently small, we can repeat this process 
to get a chain of balls Bn/ 8 (yi) with yi G <9r 7i R fl {\x%\ < fiR} and so that Uji3^/ 8 (|/i) 
forms a graph which circles the a^-axis. The intersection of this graph with the cylinder 
{x\ + x\ = R 2 } contains a graph over the circle ODr. Since F^^r is compact, the graph 

{|x 3 | < nR} n {x\ + x\ = R 2 }nr^ 2R (4.13) 

cannot spiral forever and, hence, this graph closes up. Finally, the curvature bound (14.111) 
and gradient bound for the graph imply a pointwise bound for the geodesic curvature of 
<9r 7vR and integrating this pointwise bound gives (14.101) . 

To prove the second claim (C2), we will use catenoid barriers and the strong maximum 
principle to argue by contradiction. Suppose therefore that e > and 

ar 7iR \ 7 c{x 3 >e J R}, (4.14) 

Let Cat denote the standard catenoid (Cat = {cosh 2 ^) = x\ + x 2 ,}) so that 

{x\ + x\< 3R} n Cat C {|x 3 | < cosh _1 (3i?)} . (4.15) 

Consider the one-parameter family of vertically translated catenoids Catf = Cat + (0,0, t) 
and observe that Cat_2i? PI T 7 ^ = 0. Furthermore, when R is large, (14.141) and (I4.15P imply 
that Catf fl <9r 7i R = for every t < 5 cosh - (3R). Here we used (I4.14p to deal with the 
outer boundary while the inner boundary 7 came for free since it is contained in B\. By the 
strong maximum principle, there cannot be a first t < 5 cosh -1 (3i?) where Cat^ intersects 
T 7 ^ and hence for t < 5 cosh _1 (3i?) we have 

Cat t nr 7iR = 0. (4.16) 
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Arguing similarly give that a horizontal translation of Cat 3 cosh- 1 ^) by a distance 2R cannot 
intersect r 7jfl . However, this horizontally translated catenoid separates B 1 and {x 3 > e R} 
in Br and hence separates the components of dY lt R, giving the desired contradiction. □ 

4.3. The proof of Corollary IUTT21 Both Corollary EH and Corollary EES will use the 
following weak chord arc property for annuli (cf. Proposition 11.11) : 

Lemma 4.17. Let T be as in Lemma 14.21 There exist constants R and 5 > so that for 
all intrinsic tubular neighborhoods Tr^) of 7 in T with R > R, the component of 
B$r fl r containing 7 satisfies 

r^cr^( 7 ). (4.18) 

Here i? depends on Y but 5 does not. 

Proof. Let .R be the constant given by Lemma 14.21 so that (14.31) holds. We can now directly 
follow the proof of claim (13.151) in the proof of Proposition 13.41 to get (I4.18p . This requires 
one modification to get that intrinsic subballs are weakly chord arc. Namely, rather than 
using condition (A') there, we use (14. 3[) to first see that the intrinsic subballs are disks and 
then apply Proposition 11.11 to these disks. □ 

The weak chord arc property given by Lemma 14.171 implies the necessary compactness 
needed to apply Lemma 14.71 and gives that embedded minimal annuli in a halfspace have 
finite total curvature: 

Corollary 4.19. Let V be as in Lemma 14.21 If V is contained in a halfspace, then V has 
finite total curvature. It follows that V is asymptotic to a plane or half of a catenoid. 

Proof. Lemma [4.171 implies that, for every R, the component r 7j 2i?, of B2R fl V containing 7 
is compact. Hence, we can apply Lemma [4. 71 to T 7i 2_r for R sufficiently large to get 

/ \A\ 2 < 2 I k g + 8tt. (4.20) 

As R goes to infinity, the F 7j r's exhaust Y and hence (I4.20p bounds the total curvature of 
T. The second statement follows since the annulus Y is also embedded (see, e.g., |Sc2j ). □ 

Corollary 10. 121 and hence Calabi's conjectures for surfaces with finite topology, now follow 
easily from Corollary 14.191 

Proof, (of Corollary I0.12p . Observe first that an embedded minimal surface E with finite 
topology in a halfspace has finite total curvature. This is because such a E can be written 
as the union of a compact piece Eo which may have nonzero genus and a finite collection 
of non-compact annuli Ti, . . . , each of which contains one of its boundary components. 
Clearly, So has finite total curvature since it is compact. Furthermore, each Yi has finite 
total curvature by Corollary 14.191 so we conclude that E itself has finite total curvature. 

Finally, since E has finite total curvature, |Hu] implies that E is parabolic (in the sense 
that any positive harmonic function is constant). Therefore the positive harmonic function 
£ 3 is constant on E and E must be a plane as claimed. □ 
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4.4. The proof of Corollary 10.131 Properness. The properness of embedded minimal 
surfaces with finite topology will be an almost immediate consequence of properness of 
embedded annuli that we will show next. As in the case of disks, the weak chord arc property 
given by Lemma 14.171 applies only to one component and therefore does not directly give 
properness. 

Proposition 4.21. Let T be as in Lemma [4.21 Then T must be proper. 

Proof. The proposition follows from the following claim: For every radius R > 0, there is a 
constant Sr > R (depending on both R and T) so that 

B B nrc r 7i5fl . (4.22) 

Here, as in Lemma 14.171 ^■ y ,s R denotes the component of Bs R H T containing 7. To get the 
proposition from (14.221) . simply apply Lemma [4.171 (for R large) to get 

r iA cT Ss/(2i) ( 7 ), (4.23) 

and observe that the (closure of the) intrinsic tubular neighborhood Ts R /(2S){l) is compact. 

The rest of the proof is to establish (14.221) . We will do this by contradiction; suppose 
therefore that R > is fixed, 7 C B R , and yi is a sequence of points in B R fl Y with 

yi^r^ iR . (4.24) 

We will show that ( 14.241) implies that T has finite total curvature and then get a contradiction 
from this. 

The first step is to find large graphical regions in T. Observe that, by the triangle inequal- 
ity, 

dk = dist r (!/t,7) > (i~l)R- (4.25) 
Since i — > 00, it follows from ( 14.251) that for any J we can choose indices i\ and i 2 so that 

d h > 2 J and d i2 > 2 J , (4.26) 
dist r (y il ,y ia )>2J. (4.27) 

When J is large, Lemma H~2l and (I4.26P imply that the intrinsic balls Bjiy^) and Bj(y i2 ) 
are topological disks; and disjoint by (14.271) . The one-sided curvature estimate now implies 
that Bjii/^) and Bj(y i2 ) contains a graph Ti and T 2 , respectively, over a disk of radius c J 
with small gradient < r and G 1^ (where c depends on r). To prove this, first apply 
Proposition II. II to see that the intrinsic balls are weakly chord arc and then apply Corollary 
11.31 to get a curvature bound. 

The second step is to use the large graphical region to show that T has finite total curvature. 
Namely, for J large, Lemma 14.171 implies that the component r 7)C j of B c j fl T containing 7 
is compact. Moreover, since T is embedded, the graph Ti forces T 7jC j to be contained in a 
halfspace 

r 7lC j C {x 3 > -R-ct J}. (4.28) 

(Here we have assumed that r\ is beneath 7; this can be arranged after possibly reflecting 
across {x 3 = 0}.) For r > small, we can apply Lemma 14.71 to get a bound for the total 
curvature of r 7iC j/ 2 which is independent of J. It follows that T has finite total curvature 
since the r 7iC j/ 2 's exhaust r as J — » 00. 
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Finally, as in the proof of Lemma 14.21 we conclude that T is asymptotic to either a plane 
or half of a catenoid since it has finite total curvature. However, in either case, (I4.22p clearly 
holds. This contradiction establishes the claim (I4.22p and thus completes the proof. □ 

The properness of embedded minimal surfaces with finite topology now follows easily: 

Proof, (of Corollary 10. 13H . Write the embedded minimal surface with finite topology S as 
the union of a compact piece £o and a finite collection of non-compact annuli I\, . . . , Tk 
each of which contains one of its boundary components. Proposition 14.211 implies that each 
annulus Tj is proper and hence so is S. □ 

Appendix A. Multi- valued graphs 

To make the notion of multi-valued graph precise, let V be the universal cover of the 
punctured plane C \ {0} with global polar coordinates (p, 9) so p > and 9 G R. An 
N -valued graph on the annulus D s \ D r is a single valued graph of a function u over 

{(p,6) \r < p < s, \9\ < Ntt}. (A.l) 

For working purposes, we generally think of the intuitive picture of a multi-sheeted surface 
in R 3 , and we identify the single- valued graph over the universal cover with its multi- valued 
image in R 3 . 

The multi- valued graphs that we consider in this paper will all be embedded, which corre- 
sponds to a nonvanishing separation between the sheets. Here the separation is the function 

iy(p, 9) = u(p, 9 + 2tt) - u{p, 9) . (A.2) 

If S is the helicoid [i.e., £ can be parametrized by (s cost, s sini, i) where s, t 6 R], then 
S \ {x 3 — axis} = Ei U £ 2 , where E 1; £ 2 are oo-valued graphs on C \ {0}. T, 1 is the graph 
of the function u\(p, 9) = 9 and S 2 is the graph of the function M 2 (p, 9) = 9 + tx. (Si is the 
subset where s > and E 2 the subset where s < 0.) In either case the separation w = 2n. 

Appendix B. The proof of Lemma 12.231 

We will next include the proof of Lemma [2.231 This lemma is modelled on lemma II. 2.1 
in |CM6j . The proof follows that of lemma II. 2.1 in |CM6] with very minor changes, but we 
include it here for completeness. 

Proof, (of Lemma [2.231) . Let Co > 2 be given by Lemma [3761 We will show that there exists 
n depending on C a so that 

S o aCM0). (B.l) 

U 'C 

To prove this, we will argue by contradiction; so suppose that ( IB. 11) fails for some large n. 
Consequently, we get a curve 

aC^iCBJO) (B.2) 
from to a point in <9£> n #(0). For i — 1, . . . , n, fix points 

ZiGdB iR {0)na. (B.3) 
It follows that the intrinsic balls i3^/ 2 (^j): 

• Are disjoint. 

• Have centers in 5_r_(0). 
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• Do not intersect <9£. 

Since the n points {z{\ are all in the Euclidean ball -B_r_(0) C R 3 , there exist integers %\ and 
%2 with 

< \z h -z i2 \ < Cn~ 1/3 R. (B.4) 

Note that (12.241) gives a uniform curvature bound on the balls Br^z^) and BRj%{zi^). 
Therefore, Lemma 13.61 implies that, for n sufficiently large (so the centers z^ and Zj 2 are 
extrinsically close), then we get for j — 1, 2 that 

£jl(0) ndBunfa) = 0- (B.5) 

(Here we used that B R / Co (0) C B 5R / Co (z i:j ) because z^ G B R / Co (0).) Since the curve a must 
intersect dBn R /(2C ){ z ij), (jB.51) contradicts the fact that the curve a is contained in the ball 
B R /c (0)- This contradiction proves (IB. 1|) and consequently gives the lemma. □ 
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